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Abstract 

This research aims to take efficiency as a black box between input and output, or a property of the process, and 

suggest an alternative way to evaluate the validity of Data Enveloping Analysis (DEA) scores. Over the last ten 

years, DEA has become a commonly used measure of efficiency of processes. It is offered as a non-parametric 

method of output oriented optimization, which is solved without any assumption under the restriction of the 

convexity with metric input and output measurements. Alternatively, output models like Cobb-Douglas or advanced 

econometric models are valid under several assumptions, and efficiency requires a significance test. Similar 

processes with the same input level exhibit a different level of output due to efficiency. This means that output is a 

function of input and efficiency. The present study models the DEA scores of an education efficiency research study 

by applying path analysis. Efficiency is found as moderator variable instead the expectation of mediation effect of an 

educational input-output process. The findings and interpretation of the structure depend on the data and its 

coverage, which do not lead to generalization of the efficiency concept. However, the main insight of the method is to 

consider real processes, not simulated model data. The purposed method enables the statistical testing of calculated 

DEA efficiency scores. Processes might be updated through the structured interpretation of how efficiency affects 

the output. 
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Introduction 

Performance measurement is an analytical 

process for the evaluation of products or services 

together with the aimed goals by a responsible 

decision unit. It has become an accepted method 

of strategic management aimed at determining 

the level of compensation of consumed resources 

and produced goods and services relative to the 

intended goals. Effectiveness is defined as the 

ratio of outputs to inputs within a specific system, 

whereas efficiency is defined as the accessibility of 

the highest output with the lowest input. That 

means that efficiency is an intermediary 

effectiveness maximizing process. 

 

The concept of performance requires a variety of 

measurement methods according to the activity 

type. Performance measurement may be divided 

into two types, namely, ratio analysis and 

efficiency frontier approaches. Data Envelopment 

Analysis (DEA) came into prominence as an 

efficiency frontier method applicable to various 

areas with these methodological developments. 

 

 

Output is taken as a function of the input and 

efficiency according to this explanation, like the 

well-known Cobb-Douglas production function. In 

this case, DEA efficiency scores should explain the 

output level together with the input level by 

regression analysis. However, the model structure 

fits to a mediated or moderated regression. 

DEA Model 

A nonparametric and linear programming based 

method, DEA was devised to measure the relative 

input-output efficiency of a set of decision making 

units (DMU). It can apply directly to a multiple 

inputs and outputs system, where prices are not 

exactly determined. It differs from regression 

analysis due its frontier model development. DEA 

develops the frontier according to the most 

efficient units, whereas regression techniques 

model the average efficiency. The primary form of 

DEA, Charnes, Cooper, and Rhodes (CCR), 

assumes constant returns to scale (CRS) [1] while 

the Banker, Charnes and Cooper (BCC) model  
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assumes variable returns to scale (VRS) [2] There  

are also multiplicative and additive DEA models 

appeared in the literature [3]. Furthermore, 

Andersen and Peterson [4] suggested the super 

efficiency model to order to maximize the 

efficiency of DMUs; while Sexton et. al. [5] 

suggested cross efficiency matrix and Li and 

Reeves [6] multi object DEA models. 

 

This paper presents a returns to scale model of 

the kth DMUs in a system with m inputs, s 

outputs and n units according to the CCR 

approach [7]. The scores hk are solved through n 

linear programming problems: 
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The efficiency h is the ratio of the u weighted sum 

of the outputs (Y) to the v weighted sum of the 

inputs (X). The efficiency scores are solved in the 

same way for the input as for the output 

maximization. The VRS model is obtained by 

adding a convexity constraint to the CCR model: 
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Efficiency is defined as a linear measurement of 

inputs and outputs. Also the first restriction in 

both models could be rewritten as output being a 

function of efficiency and inputs. A further 

disadvantage of the model is that it cannot be 

tested for the best specification [8]. 

Mediation and Moderation Efficiency 

Models 

Generally, for social research purposes the 

identification of causal effects is represented by  

 

 

P(y|x). This structure determines the sensitivity 

of the dependent variable Y on the changes of the 

explanatory variable X when all other factors are 

constant. Structural equation models are an 

appropriate technique to identify the direct effect 

XY and also the total and indirect path-specific 

effects of X on Y [9-12]. Despite this technique, 

however, mediated and moderated effects are also 

discussed in the social sciences [13-17]. The 

reason for this is that the interpretation of the 

causal parameters becomes confused with the 

linear regression coefficients [11, 18]. Fig. 1 

presents the mediation and moderation models. 

 

 
Fig. 1. Mediation and moderation models [19] 

 

The mediation effect model is defined statistically 

for direct DE and indirect IE effects thus:  

 

        xZPZxYEZxxYEDE ,,        (3) 

        xZPxxZPZxYEIE ,        (4) 

 

As Equations (3) and (4) can be applied to any 

distribution, both type of effects can be proved for 

parametric and non-parametric regression models 

[20, 21]. Baron and Kenny [14] proposed a four-

stage procedure for testing the impact of 

mediation: 

 

 Y=a0+a1X+u1 tested for statistical significance, 

and R2
YX computed; 

 Z=b0+b1X+u2 tested for statistical significance; 

 Y=c0+c1X+c2Z+u3 tested for statistical 

significance, and R2
YXZ computed; 

 If c1 is not statistically significant, then Z is said 

to be mediator variable; otherwise it is partial 

mediation model. 

 

Of course, there are exceptions in some of these 

stages. Multicollinearity causes an insignificant c2 

even if the model is mediated. Also, the existence 

of the mediator variable effects the XY relation 

negatively, when the sign of c1 is reverse of the 

sign of the b1c2 multiplication, referred to as 

“inconsistent mediation,” with Z a “suppressor 

variable” [17]. The marginal effect of 

determination is tested through 
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Combined coefficients tests are suggested for 

mediation effects [22], where level of significance 

should be assumed at 0.0253 to keep type-I  

error level constant. 
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Sobel and Aroian tests give successful results by 

Monte Carlo simulations with sample sizes 

greater than 50. The coefficient [1-(a1c2c1)] also 

measures the theoretical impact of the mediation. 

The moderator effect renews the power and also 

the direction of the causal relation between X and 

Y [23]. It weakens the causal effect of X and it is 

called the “fully moderated model” when this 

effect is expired [24]. A moderation effect 

regression model is thus built in addition to direct 

effect models Y=a0+a1X+u1 and  
 

Y=d0+d1X+d2M+u4: 

Y=g0+g1X+g2M+g3MX+u5                                    (9) 

 

Various procedures are suggested to measure and test 

the moderation effect [25]: 

 
 M will be not a moderator variable if the magnitudes 

and signs are compatible with g20 and g3=0; 

 M will be a full moderator variable if the direct effect 

multiple regression model R2YXZ is statistically 

significant than model (9) according to Equation (5), 

as well as g2=0 and g30; 

 M will be quasi-moderator variable if the direct effect 

multiple regression model R2YXZ is statistically  

 

 

 

significant than model (9) according to Equation (5), 

as well as g20 and g30. 

Testing the Efficiency Scores of 

Secondary Data 

The paper suggests a way of testing the non-

parametric DEA scores, which represents the process 

efficiency structuring the input-output relation. A DEA 

research results on national education was applied to 

present the testing process. 

 

The success and quality of a national education system 

will be affected by the government spending in social 

states. Efficiency in education is subject to frequent 

measurement by academicians and researchers with 

institutional and international comparisons [26-31]. 

Contemporary international evaluations employ PISA 

research results, covering the OECD countries [32-35]. 

PISA (Programme for International Student 

Assessment) began with the participation of 43 

countries in 2000 and by 2009 had spread to over 68 

countries. The program depends on student self-

assessment in reading, math, and science skills, which 

are assumed to be three educational outputs. This 

study used the DEA scores of the research paper by 

Koçak and Çilingirtürk [35]. The common usage of 

DEA and factor analysis reduces measurement errors 

and input-output dimensions [36]. The output variable 

Y is obtained through exploratory factor analysis as 

standardized normal scores, which explains 90.43% (= 

2,713) of the learning skills. 

 

Table 1: Factor component matrix 
Summary 

statistics PISA scores 

PISA common 

factor 

Cronbach’s 

α 

0,969 PISA Reading 
, 922 

KMO 0,7670 PISA 

Mathematics 
, 953 

Bartlett 2 124,51 PISA Science , 977 

*Prepared by the authors. 

 

The estimated five models are presented in Table 

2, where public education spending as a 

percentage of total GDP is independent variable 

X, and DEA scores are the mediator or moderator 

variable M. 

Table 2: Regression estimates with standardized beta coefficients and summary statistics 

Model 
Constant X M XM 

  t/p  t/p  t/p R2 F/(p) 

Y=a0+a1X+u1 
-1,21 0,35 1,45     0,058 2,10 

(0,85) (0,24) 0,16      (0,16) 

M=b0+b1X+u2 
98,35 -1,33 -1,34     0,050 1,79 

(3,53) (0,995) 0,19      (0,19) 

Y=m0+m1M+e 
-16,85   0,18 6,48   0,553 42,03 

(2,60)   (0,03) 0,00    (0,00) 

Y=c0+c1X+c2M+u3 
-21,18 0,62 4,61 0,20 9,01   0,711 44,13 

(2,26) (0,13) 0,00 (0,02) 0,00    (0,00) 

Y=g0+g1X+g2M+g3MX+u5 
33,29 -15,89 -5,62 -0,37 -3,73 0,175 5,84 0,856 70,28 

(9,47) (2,83) 0,00 (0,10) 0,00 (0,03) 0,00  (0,00) 
*Prepared by the authors. 
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A mediation effect is not observed as the first and 

second models are not statistically significant 

according to mediation effect tests (Table 3).  
 

Table 3: Mediation effect significance tests 
 the z-test 

statistic 

The standard 

error 

p-

value 

Sobel test -1,3236 0,2043 0.186 

Aroian test -1,3153 0,2056 0.200 

Goodman 

test 

-1,3319 0,2030 0.183 

*Prepared by the authors. 

 

DEA scores have a significant effect in both 

models (3) and (4). Furthermore according to 

Equation (5), there is a significant change at the 

effect (F=74.56; p=0.00). When the marginal effect 

of the fifth model is tested against the direct effect 

model (4) according to Equation (5), the 

importance of the interaction XM is observed 

(F=33.94; p=0.00). Efficiency presents a 

suppressing quasi moderation effect on the 

educational input-output system [37-40]. 

 

Conclusion 

Efficiency is usually defined as a mediating black 

box between input and output. However, DEA 

efficiency scores should modeled and tested for 

interpretation purposes and path specific 

structures. According to the results of this paper, 

efficiency in terms of DEA scores, in fact, have a 

moderating effect. 

The suggested procedure could used to determine 

what exactly the DEA measures. Furthermore, 

the procedure tests the statistical significance of 

the DEA scores in a predefined input-output 

model. 
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